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Many methods now exist to prepare free electrons into orbital angular momentum states, and the
predicted applications of these electron states as probes of materials and scattering processes are
numerous. The development of electron orbital angular momentum measurement techniques has
lagged behind. We show that coupling between electron orbital angular momentum and a spatially
varying magnetic field produces an angular momentum-dependent focusing effect. We propose a
design for an orbital angular momentum measurement device built on this principle. As the method
of measurement is non-interferometric, the device works equally well for mixed, superposed and pure
final orbital angular momentum states. The energy and orbital angular momentum distributions of
inelastically scattered electrons may be simultaneously measurable with this technique.
How does one measure the orbital angular momentum
(OAM) of the quantum state of an unbound, massive,
charged particle after interaction with another particle
or a material? Free electrons with OAM, also called elec-
tron vortices, are now routinely prepared in electron mi-
croscopes [1–11], and control of this new degree of free-
dom is widely recognized as a useful tool in the both the
study of materials and basic physical processes [2, 12–14].
A variety of impressive techniques now exist to prepare
an electron in an OAM state. Full control of free elec-
tron orbital angular momentum, though, demands good
measurement tools.
One of the most promising potential applications of
electron OAM–measurement of magnetization at atomic
resolution via helical dichroism spectroscopy–serves as an
excellent example of the importance of both preparation
and post-selection in applications of electron OAM. Mag-
netic dichroism has, surprisingly, not yet been realized
with electrons prepared in orbital angular momentum
states. This application is analogous to X-ray Magnetic
Circular Dichroism (XMCD), a widely-used technique for
magnetization measurement based on the ratios of core-
transition peaks in left- and right-circularly polarized
X-ray absorption spectra. There exists a crucial differ-
ence, though, between circular dichroism–which involves
controlled transfer of photon spin angular momentum–
and helical dichroism–which involves controlled transfer
of electron orbital angular momentum [14]. Photons are
massless and can be absorbed by materials, so the final
state of a photon in a circular dichroism measurement
is just the vacuum state. Electrons are massive, and
carry away non-zero energy and angular momentum from
an interaction. If we seek to gain the most information
about a material in an electron spectroscopy experiment,
we ought to measure both the final electron energy and
OAM [15]. Helical dichroism can be made far more effi-
cient with careful post-selection of electron OAM states.
This insight, in fact, applies to many applications of elec-
tron OAM.
There are a wide range of applications of good OAM
post-selection. Theoretical predictions and simulation
suggest that electron impact ionization [16, 17], pho-
toionization [18, 19], electron-atom scattering [20], mate-
rial investigation with angle-resolved photoelectron spec-
troscopy [21] and electron energy loss spectroscopy [22],
production of spin-polarized electrons [23], and even
high-energy elementary particle collisions [24] can pro-
duce non-trivial final OAM states and could therefore
benefit from OAM post-selection.
Several techniques have so far been developed for elec-
tron OAM measurement; they work well as quality-
assurance tests for new orbital angular momentum state
preparation techniques. All have limitations that pro-
hibit their application to post-selection of a single fi-
nal state of an inelastic interaction. Self-interferometric
techniques [25–27] depend on analysis of the spatial dis-
tribution an electron after a transformation. In gen-
eral, inelastic interaction of an electron and a material
produces mixed electron final states thanks to entangle-
ment with the material. Mixed and superposed OAM
states are extremely difficult to quantitatively measure
with self-interferometric techniques [28]. Furthermore,
energy-filtered TEM is necessary to isolate and analyze
the spatial distribution of the states scattered to a given
energy. Holographic phase-flattening [29, 30] can par-
tially spatially isolate a single component of a mix of
inelastically scattered final OAM states, but is currently
terribly inefficient.
We propose a technique for OAM post-selection based
on coupling of OAM to a spatially varing magnetic field.
The effect is analogous to the coupling between spin
and a spatially varying magnetic field that Stern and
Gerlach employed in their demonstration of the quan-
tization of spin [31]. In the Stern-Gerlach device, spins
aligned (anti-aligned) with the magnetic field are pulled
by the Zeeman interaction toward the side of the de-
vice with higher (lower) field strength. Unlike the Stern-
Gerlach device for measurement of spin, we consider a
cylindrically symmetric design for measurement of OAM.
Cylindrical symmetry gaurantees conserve electron OAM
through the measurement device [32] and control the
Lorentz force [33]. Fortunately, cylindrically symmetric,
spatially varying magnetic fields find great use as elec-
tron round lenses [34]. We show that the coupling of
OAM to the field of a magnetic round lens produces a
shift in the focal length of a magnetic round lens. In this
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2proposed device, electrons with orbital angular momen-
tum aligned (anti-aligned) with the magnetic field are
pushed outward away from (pulled inward toward) the
strong magnetic field along the optic axis, as the elec-
tron charge is negative.
For a state propagating along the z-axis, the transfer
function of a lens with focal length f on an electron with
wavelength λ is
Ulens = e
−ipiρ2λf (1)
where ρ is distance from the z-axis in cylindrical coordi-
nates (z, ρ, φ).
If instead we want an OAM-dependent focal length,
we’ll want to construct a transfer function
U = exp
(
−iLzρ
2
~b2
)
. (2)
This transfer function produces a quantum non-
demolition measurement of orbital anguar momentum:
OAM is an eigenstate of both this transfer function and
the free-space Hamiltonian. The effect of this transfer
function on an orbital angular momentum state is visu-
alized in Figure 5 in the Supplemental Material.
With a careful study of the link between terms in the
electron Hamiltonian and the resulting transfer function
(see section II of the Supplemental Material), we can see
that we’ll produce a transfer function like (2) with the
vector potential
A =
(
B1(z)
ρ
2
−B3(z) ρ
3
8b2
)
φˆ. (3)
where B1 and B3 describe the longitudinal profile of the
field. This vector potential corresponds to a magnetic
field that points along the ±zˆ-direction at the origin and
curves outward away from the origin over a length scale
b. We’ll call b the dispersion length. The correspond-
ing Hamiltonian for an electron in this vector potential
includes two lensing terms,
Hlens =
1
8me
(
e2B21 −
eB3Lz
b2
)
ρ2. (4)
where e = |e| is the magntide of the electron charge.
The latter term produces an orbital angular momentum-
dependence in the focal length of the lensing effect.
Figure 1 illustrates this lensing effect with multislice-
simulated [35] propagation of superposed orbital angular
momentum states in this Hamiltonian [36] and ray tra-
jectories calculated by numerical integration of the radial
equation of motion.
The vector potential (3) above is an approximation to
the vector potential of any cylindrically symmetric cur-
rent distribution with azimuthal current flow. The dis-
persion length is related to the radial extent of the cur-
rent distribution. In the case of a single loop of wire of
radius R, b is just R. So, in fact, there exists a small
OAM-dependence in the focal length of any standard
magnetic round lens. The key to designing an orbital
angular momentum measurement device is to isolate or
maximize the OAM-dependence.
(a) (b) (c)
(d) (e) (f)
(g)
Figure 1. (top) Multislice-simulated intensities of a super-
position of m = ±8 Laguerre-Gaussian orbital angular mo-
mentum modes in a Glaser-model, i.e. equation (46), field
with maximum field strength B0 = 2 T, longitudinal extent
a = 1 mm and an OAM dispersion length b = 79 nm, sampled
at (a) −2.0 mm, (b) −1.5 mm, (c) −1.0 mm, (d) −0.5 mm,
(e) 0.0 mm and (f) 0.5 mm from the center of the lens. (bot-
tom) Ray trajectories for m = −8, m = 0 and m = +8 modes
calculated by numerical integration of the radial equation of
motion corresponding to the full Hamiltonian in equation (24)
with a Glaser-model field.
To do anything with an orbital angular momentum-
dependent lensing effect, we need to know the focal length
of the lens. As we show in detail in section IV of the
Supplemental Material, an initially collimated eigenstate
of Lz with quantum number m that passes through the
vector potential (3) will be focused at a distance from
the center of the potential
1
fm
=
e2
8meE
∫ ∞
−∞
B21(z)−
m~
eb2
B3(z)dz. (5)
3We can more simply rewrite this as
fm =
f0
1− Λm, (6)
where f0 is the focal length of the m = 0 eigenstate and
the OAM dispersion coefficient Λ = β0~eB0b2 is a dimension-
less constant that depends only on the peak field strength
B0, the dispersion length, b, fundamental constants, and
an O(1) number β0 that depends on the shape of the
current distribution. We calculate this focal length for
several current distributions in section VI of the Supple-
mental Material. For small OAM dispersion Λ, therefore,
focal length is approximately linear with OAM.
fm ≈ f0 (1 + Λm) . (7)
When the current source for the vector potential in (3)
Figure 2. Ray diagrams for a lens (blue disk) with a strongly
OAM-dependent focal length fm as given in (7). (red) rays
for m = +1 electrons; (green) rays for m = 0 electrons; (blue)
rays for m = −1 electrons.
.
is a superconducting ring, there’s an easy physical inter-
pretation of the OAM dispersion coefficient Λ. A super-
conducting ring of radius b encloses an area pib2 and has
an OAM dispersion coeffifient inversely proportional to
the number n of flux quanta in the ring, as n ∝ B0pib2Φ0
and the flux quantum Φ0 =
h
2e . We can therefore write
the focal length of a lens made of superconducting ring
as
fm ≈ f0
(
1 + β1
m
n
)
(8)
where β1 is another O(1) number.
If a measurement device can be constructed with a
large OAM dispersion coefficient Λ ∼ 1, the simplest ap-
plication of this lensing effect needs only a small aperture
to select out one focused mode in the appropriate plane,
as shown in Figure 3. This lensing effect makes possible
a straightforward helical dichroism experiment without
any need for incident OAM. One can see that the focal
length (5) has an OAM-independent part that depends
on the magnitude of the lensing magnetic field and an
OAM-dependent part that depends on the sign and di-
rection of the magnetic field. In other words, one can con-
trol OAM dispersion via the direction of the lensing field.
With an aperture set to preferentially admit the m = +1
mode, one can flip the polarity of the lens and therefore
flip the sign of OAM dispersion and instead admit the
m = −1 mode without physically moving anything. This
experiment likely will require an exceptionally stable mi-
croscope and careful alignment to ensure that no other
beam properties change upon a lens polarity flip.
BB
Figure 3. Schematic ray diagrams for a dichroism experiment
based on the OAM-dependent lensing effect. Interaction with
a specimen (brown) produces a mix of outgoing m = +1 (red),
m = 0 (green) and m = −1 (blue) orbital angular momentum
eigenstates. (left) An aperture (black) preferentially admits
the m = +1 OAM eigenstate. The m = +1 state has a longer
focal length in the positive-polarity lens (blue disk). (right)
The aperture preferentially admits the m = −1 OAM state
when the lens polarity is flipped.
Several physical sources could produce a magnetic field
with a significant OAM dispersion. The most obvious,
but perhaps the most difficult to build, is a nanoscale
solenoid. A solenoid with a radius on the order of 100 nm
and a peak magnetic field on the order of 1 Tesla produces
an OAM dispersion coefficient on the order of 0.1. The
bound current density on the surface of a hole in an out-
of-plane-polarized ferromagnetic thin film looks identical
to the current density of a solenoid and could produce
the same dispersion; such a hole would be far more eas-
ily nanofabricated and has the advantage over a loop of
wire that the normal lensing effect will be partially can-
celed in the hole. A pulsed laser with a radially polarized
magnetic field has the appropriate symmetry. The laser
used in a recent experiment to prepare well-defined elec-
tron momentum states [37], with a peak magnetic field
of 0.334 T and a spot size of 50 um, would produce an
OAM dispersion coefficient on the order of 10−6. This
might be improved by several orders of magnitude with
plasmonic field enhancement.
A completely orthogonal approach to realization of an
OAM measurement device of this kind might involve
stacking many lenses with a small OAM dispersion co-
efficient in a manner that magnifies the OAM-dependent
effect. We discuss two possible designs for a stacked lens
4OAM measurement device in sections VIII and IX of the
Supplemental Material. Both designs produce strongly
OAM-dependent magnification but only weakly OAM-
dependent image plane locations.
Figure 4. Ray trajectories of m = −100 (blue), m = 0 (green)
and m = +100 (red) orbital angular momentum modes prop-
agating in a set of ten stacked afocal systems (67) of Glaser-
model lenses (46) with longitudinal extent a = 100 µm, OAM
dispersion length b = 1 µm and maximum field strength
B0 = 2 T. The magnification of OAM goes exponentially
with the number of lens sets.
We have demonstrated a Stern-Gerlach-like effect for
measurement of electron orbital angular momentum.
The measurement technique is applicable to the mixed
states produced by inelastic scattering, which are other-
wise difficult to measure. We outlined several strategies
for practical implementation of this measurement device.
If the device can be successfully built and integrated
into electron spectrometers, simultaneous measurement
of electron energy and orbital angular momentum distri-
butions may be possible.
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I. SUPPLEMENTAL MATERIAL
II. HAMILTONIAN APPROACH TO STANDARD MAGNETIC LENSING
How does standard magnetic lensing work? Let’s schematically identify terms in the electron Hamiltonian that
cause lensing by inspecting the time evolution operator that results from the Hamiltonian. Although this approach
won’t get us the focal length of a magnetic lens–we’ll need to solve the paraxial Schrodinger equation (see section IV)
to do that–but it will allow us some intiutive insight with regard to lensing behavior.
In order to construct a time evolution operator that causes lensing,
U(t) = exp (iHt/~) ∝ exp
(
−ipiρ
2
λf
)
(9)
we need a Hamiltionian with a ρ2 term. The round magnetostatic lenses used most frequenty used in electron
5microscopes have a vector potential
A =
B0(z)
2
ρφˆ (10)
In cartesian coordinates, we see
A =
B0(z)
2
(xyˆ − yxˆ) (11)
A · p = B0
2
(xpy − ypx) = B0
2
Lz (12)
A2 =
B20(z)ρ
2
4
(13)
which produces a non-relativistic Hamiltonian
H =
1
2me
(p+ eA)
2
= H0 +HLarmor +H2 (14)
H0 =
p2
2me
(15)
HLarmor =
eB0Lz
2me
(16)
H2 =
e2B20(z)
8me
ρ2 (17)
where the electron charge qe = −e, H0 is the free Hamiltonian, HLarmor causes image rotation through a magnetic
lens, and H2 causes lensing.
III. FULL HAMILTONIAN
Let now add in a lowest-order radial correction to the vector potential that represents the finite size of the current
source. In the main text, we wrote our model vector potential as eq. (3),
A =
(
B1(z)
ρ
2
−B3(z) ρ
3
8b2
)
φˆ. (18)
The full non-relativistic Hamiltonian for this vector potential is
H = H0 +HLarmor +H2 +H4 +H6 (19)
H0 =
p2
2me
(20)
HLarmor =
eB1Lz
2me
(21)
H2 =
1
8me
(
e2B21 −
eB3Lz
b2
)
ρ2 (22)
H4 +H6 =
e2
8me
(
−B1B3 ρ
4
2b2
+B23
ρ6
16b4
)
(23)
where, as in the lowest-order description, H0 is the free Hamiltonian, HLarmor causes image rotation. H4 and H6
are higher-order terms that traditional multipole magnetic corrector elements can cancel without affecting H2 (see
Sect. VII). The term we care about is H2, which again produces lensing and now has two contributions: the
standard magnetic lensing term,
e2B21
8me
ρ2 [34], and the OAM-dependent term eB3Lz8meb2 ρ
2. Just as the Larmor term can
be interpreted either as causing a rotation or an OAM-dependent phase shift, the OAM-depent lensing term could
equivalently be interpreted as a radius-dependent rotation. This term is one source of spiral distortion, an aberration
that Scherzer documented in 1937 [38].
If higher-order terms H4 + H6 are corrected (see section VII), the full orbital angular momentum measurement
Hamiltonian is
H0 =
p2
2me
+
eB1Lz
2me
+
1
8me
(
e2B21 −
eB3Lz
b2
)
ρ2 (24)
6Figure 5. Illstration of the effect of the orbital angular momentum-dependent lensing effect. Propagation of a wave with orbital
angular momentum–and therefore an azimuthal phase (first column)–in a Hamiltonian with the orbital angular momentum-
dependent lensing term in equation (23) produces a parabolic phase (second column) in proportion to the orbital angular
momentum. The result is a spiralling phase with a winding magnitude and direction that depends on orbital angular momentum
(third column).
IV. CALCULATION OF THIN LENS FOCAL LENGTH THROUGH SOLUTION OF PARAXIAL
SCHRODINGER EQUATION
In this section, we derive an expression for the orbital angular momentum-dependent focal length (5) for a thin
magnetostatic lens. One can use the same formalism for the focal length of a thick lens [39]. We use the non-relativistic
Schrodinger equation for simplicity; low-order relativistic corrections can easily be added into the result.
∇2ψ − 2e
~i
A ·∇ψ + 2me
~2
(eV + E)ψ − e
2
~2
A2ψ = 0 (25)
where me is the rest mass of the electron and E = eVa is the non-relativistic total energy of the electron accelerated
by a voltage Va. If we assume that ψ is separable into
ψ = ψ0χ (26)
where
ψ0 = e
ikzz (27)
we can quickly simplify our Schrodinger equation with a paraxial approximation. If kz ≈ k =
√
2meE
~ , we then see
that
∇2ψ0 + 2me~2 Eψ0 ≈ 0. (28)
Let’s now parse through the terms in the the paraxial Schrodinger equation that results. As
∇2ψ = ψ0∇2⊥χ+ 2ikzψ0∂χz − k2zψ0χ+ ψ0
∂2χ
∂z2
≈ ψ0∇2⊥χ+ 2ikzψ0∂χz − k2zψ0χ (29)
7since ψ0
∂2χ
∂z2
 k2zψ0χ, we can use (28) and divide out ψ0 to produce the paraxial Schrodinger equation for χ:
∇2⊥χ+ 2ikz
∂χ
∂z
− 2e
i~
A ·∇⊥χ− 2e
i~
Az
(
∂χ
∂z
+ ikzχ
)
+
2mee
~2
V χ− e
2
~2
A2χ = 0 (30)
If we first choose
Aφ = B1(z)
ρ
2
−B3(z) ρ
3
8b2
(31)
we see that we can cancel the higher-order (ρ4 and ρ6) terms in A2 independently with similar terms in V produced
by an electrostatic aberration corrector or Az produced by a multipolar magnetostatic aberration corrector[40] (see
section VII). Let’s then solve the Schrodinger equation without these higher-order terms. If we furthermore use an
orbital angular momentum basis such that
χ ∝ eimφ (32)
we see that
2e
i~ψ
A ·∇ (χψ) = 2e
i~
Aφ
1
ρ
∂χ
∂φ
=
2e
~
Aφ
ρ
mχ (33)
If we take a thin lens approximation and drop the small ∇2⊥χ term, this resulting equation is a separable first-order
differential equation. The thin lens-paraxial Schrodinger equation with this vector potential, then, is
2ikz
∂χ
∂z
=
e
~
(
B1(z)−B3(z) ρ
2
4b2
)
mχ+
e2B21(z)
4~2
ρ2χ (34)
Upon integration, we can identify the transfer function of the lens as
Ulens =
χ(z →∞)
χ(z → −∞) = exp(iφLarmor) exp
(
−i e
2
8~2kz
∫ ∞
−∞
dz
[
B21(z)−
m~
eb2
B3(z)
]
ρ2
)
(35)
where
φLarmor = − me
2~kz
∫ ∞
−∞
B1(z)dz (36)
= −m
√
e
8meVa
∫ ∞
−∞
B1(z)dz. (37)
We see, by comparison with (1) that
1
f
=
e2λ
8pi~2kz
∫ ∞
−∞
dz
[
B21(z)−
m~
eb2
B3(z)
]
(38)
=
e2
8meE
∫ ∞
−∞
dz
[
B21(z)−
m~
eb2
B3(z)
]
(39)
=
e
8meVa
∫ ∞
−∞
dz
[
B21(z)−
m~
eb2
B3(z)
]
(40)
We thus showed that we can derive the orbital angular momentum-dependent focal length of a thin lens from the
paraxial Schrodinger equation.
V. RELATIONSHIP BETWEEN OAM LENSING TERM AND SPHERICAL ABERRATION
If, instead of dropping terms above ρ2 in eq. (30), we include up to ρ4, we can calculate the contribution to
the spherical aberration coefficient Cs from the OAM dispersion term. Keeping this term in our thin lens-paraxial
Schrodinger equation, we see
2ikz
∂χ
∂z
=
e
~
(
B1(z)−B3(z) ρ
2
4b2
)
mχ+
e2B21(z)
4~2
ρ2χ− e
2B1(z)B3(z)
8~2b2
ρ4χ (41)
8Integrating as in (35), our transfer function now includes the term
Uspherical = exp
(
i
e2
16~2kzb2
∫ ∞
−∞
dz [B1(z)B3(z)] ρ
4
)
(42)
As the aberrations of an electron lens are conventionally expanded in terms of the polar angle of incidence at the back
focal plane of the lens α = arctan ρf with a transfer function for the lowest-order spherical aberration [41],
Uspherical = exp
(
i
2pi
λ
C3
4
α4
)
(43)
where C3 is the third-order spherical aberration coefficient. If we rewrite (42) in this form with the approximation
that ρ ≈ fα, we can calculate C3.
Uspherical = exp
(
i
2pi
λ
e2
4~2k2zb2
∫ ∞
−∞
dz [B1(z)B3(z)] f
4α
4
4
)
(44)
By comparison with (43), we see with some reorganization that in the thin lens approximation, the contribution to
C3 from the OAM dispersion term we introduced is
C3 =
e2f4
8meEb2
∫ ∞
−∞
dz [B1(z)B3(z)] (45)
As the OAM dispersion length b must be small to produce significant orbital dispersion, C3 could be prohibitively large
under standard transmission electron microscope conditions even with independent reduction of C3 by a multipole
corrector (see section VII). Realization of orbital dispersion that is distinguishable over spherical aberration for 80 to
300 keV electrons may demand better aberration correctors than are available today.
VI. CALCULATION OF THE OAM-DEPENDENT FOCAL LENGTH FOR SEVERAL FIELD
DISTRIBUTIONS.
The Glaser field,
BG(z) = B0
(
1 +
z2
a2
)−1
(46)
is commonly used to model the longitudinal field of a magnetic lens with a longitudinal extent of length a. If we
choose B1 = B3 = BG for our focal length calculation, we see
fm =
16meE
e2B20api
(
1− 2m~eB0b2
) (47)
For a loop of wire with radius R and current I0, let’s calculate the vector potential for small ρ R.
A(r) =
µ0I0R
4pi
∫
dφ′
φˆ
′√
z2 +R2 + ρ2 + 2Rρ cos(φ′ − φ) (48)
A(r) ≈ µ0I0R
4pi`(z)
∫
dφ′φˆ
′
(
1− 1
2
ρ2 + 2Rρ cos(φ′ − φ)
`2(z)
+
3
8
(
ρ2 + 2Rρ cos(φ′ − φ)
`2(z)
)2
− 5
8
(
ρ2 + 2Rρ cos(φ′ − φ)
`2(z)
)3
+ . . .
)
(49)
where `(z) =
√
z2 +R2. If we perform the integral over φ′ and keep terms up to ρ3, we see
A(r) =
µ0I0R
4pi
(
ρRpi
`3(z)
− 3
2
ρ3Rpi
`5(z)
− 15
4
ρ3R3pi
`7(z)
+ . . .
)
φˆ (50)
9Using the formalism we developed above, let’s calculate the focal length of the lensing behavior produced by this
term. First, let’s define
B0 =
µ0I0
R
(51)
B1(z) =
B0R
3
2`3(z)
(52)
B3(z) = 3B0
(
R5
`5(z)
+
5
2
R7
`7(z)
)
(53)
such that can write the vector potential as
A(r) ≈ B1(z)
2
ρ− B3(z)
8R2
ρ3φˆ. (54)
We thus observe that equation (3) is an accurate physical description up to ρ3. Let’s now calculate the focal length
of this lens. We see that, as ∫ ∞
−∞
B3(z)dz = 12B0R (55)
and as ∫ ∞
−∞
B21(z)dz =
3pi
8
B20R (56)
we can write the focal length of this lens, using (5), as
1
fm
=
e2
8meE
(
3pi
8
B20R−
m~
eR2
(12B0R)
)
(57)
fm =
64meE
3e2B20Rpi
(
1− 32m~eB0R2
) (58)
We see that this result is indentical in form to the Glaser-field result for our simpler model, (47), if the longitudinal
extent is set by the radius (a = R) and the OAM dispersion length is set by the radius (b = R). The focal lengths
differ only by constant factors.
VII. INDEPENDENT CORRECTION OF ABERRATIONS INDUCED BY MAXIMIZING
OAM-DEPENDENT FOCUSING
In this section, we show that a multipole corrector has no Aφ component and thus can independently correct
aberrations produced by the A2 term of an OAM measurement device without affecting measurement of OAM.
If we represent an n-pole magnetic lens as a ring of n solenoids of alternating polarity with the solenoid axis oriented
radially, we’ll immediately see that the Aφ component of the vector potential would produce a lens with infinite focal
length–no lensing effect–in the thin lens approximation.
First, though, let’s write a model for the vector potential of a solenoid oriented along the z axis. As the current of
an ideal solenoid is entirely azimuthal and cylindrically symmetric, let’s write this vector potential as
Aax = A0(z, ρ)φˆ. (59)
If we now rotate this vector potential to point along the x axis, we see
Arad = A0(x,
√
y2 + z2)
(
−z√
y2 + z2
yˆ +
y√
y2 + z2
zˆ
)
. (60)
Lastly, if we define a set of rotated coordinates (xm, ym) defined by a rotation angle θm =
2pim
n where
xm = x cos(θm + y sin(θm) (61)
ym = y cos(θm)− x sin(θm) (62)
10
we can now easily write the vector potential of this lens in terms of a sum of solenoidal vector potentials in the rotated
coordinates.
An−pole =
n−1∑
m=0
A0(xm,
√
y2m + z
2)
(
−z√
y2m + z
2
yˆm +
ym√
y2m + z
2
zˆ
)
(63)
We can immediately see that the yˆm component, which includes a non-zero φˆ term, is odd in z and thus integrates
to zero under a calculation of the focal length in the thin lens approximation.∫ ∞
−∞
dz An−pole · φˆ = 0 ⇒ fmn−pole =∞ (64)
Therefore, a multipolar magnetostatic aberration corrector element has a vanishingly small orbital angular momen-
tum lensing effect, and can safely be used to independently correct higher-order aberrations produced by a round lens
without affecting the orbital angular momentum dispersion of that round lens.
VIII. STACKED LENS OAM MEASUREMENT DEVICE DESIGN 1: AFOCAL SYSTEM, OR
FIXED-SEPARATION BETWEEN LENSES
If the OAM dispersion coefficient Λ = 2~eB0b2 is small, then the focal length is approximately
fm = f0 (1 + Λm) (65)
If we set two lenses back-to-back with a distance 2f0 in between them with opposite OAM dispersion in each (Λ1 =
−|Λ|; Λ2 = |Λ|) we produce an afocal system with
Mm = − (1 + 2Λm) (66)
Since an afocal system produces no convergence or divergence–the effective focal length is infinite [42]–any combination
of afocal systems is also an afocal system; this afocal system is thus easy to stack. In particular, for a stack of N such
afocal systems, in the limit of large N , the total magnification approaches
MNm = (−1)N exp (2ΛmN) (67)
This set of N afocal systems has one clear advantage: even with arbitrarily small OAM dispersion Λ, we can easily
distinguish between any two orbital angular momentum orders with a sufficiently long stack N .
A twenty-element (N = 20) set of identical afocal systems with a = 10 µm, b = 100 nm, B0 = 2 T and a
resultant f0 ≈ 60 mm has an OAM dispersion coefficient |Λ| = 0.066 and a produces a magnification of an m = +1,
80 keV electron beam of |M20+1| = 3.73; on the other hand, an m = −1 beam sees a magnification of |M20−1| = 0.27.
A superposition of two otherwise-identical m = +1 and m = −1 modes passed through this device leave with a
fourteen-times difference in magnification. The total length of this device is on the order of a couple meters.
IX. STACKED LENS OAM MEASUREMENT DEVICE DESIGN 2: VARIABLE SPACING BETWEEN
LENSES
If we place two lenses with opposite OAM dispersion back-to-back with a distance 2 s+1s f0 between them, and place
an object at a distance (s+ 1)f0 in front of the first lens, we’ll see a focused image at a distance (s+ 1)f0 behind the
second lens with a magnification
Mm =
1
1− 2(s+ 1)Λm (68)
The result is similar to that for an afocal system with two major differences: the advantage of this system is that
larger magnification is produced by a larger spacing, rather than more lenses; the disadvantage is that only one mode
can be fully separated from the rest at a time, as if 2(s+ 1)Λm ≈ 1 so as to maximize magnification of the m-OAM
components of the beam, then 2(s+ 1)Λ(m+ 1) cannot also be close to 1 unless m is very large.
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